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Symmetric heat ﬂuxThe problem of a penny-shaped crack subjected to symmetric uniform heat ﬂux in an inﬁnite trans-
versely isotropic magneto-electro-thermo-elastic medium is investigated. The exact solution in the full
space is in terms of line integrals and the exact solution in the crack plane also is obtained. Although
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tion for a transversely isotropic medium obtained by Tsai (1983), indicates that rx;ry;Dx;Dy;Bx, and By
along the crack rim are of the same singularity of the normal stress or its equivalent quantities. To illus-
trate how the applied symmetric heat ﬂuxes affect the whole ﬁelds, a numerical example is also given.
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It is widely acknowledged that cracks are commonly included in
materials so that the material behaviors may be waken. As referred
to the three-dimensional crack problems, it should be mentioned
that Fabrikant (1989, 1991) has obtained signiﬁcant results for
transversely isotropic elastic body by elementary mathematical
tool called ‘‘Potential Theory Method’’ invented by himself. The
tag ‘‘elementary’’ means no more advanced methods such as inte-
gral transforms are involved in the method and only techniques in
elementary calculus, such as integration by parts, interchange of
the integration order, are integrated into the method. Three-
dimensional crack analysis of piezoelectric medium can be referred
to Wang (1992), Sosa and Pak (1990), Chen and Shioya (1999,
2000), Chen et al. (2001) and Huang (1997). In particular, by
extending the results obtained by Fabrikant (1989, 1991) success-
fully, Chen and Shioya (1999, 2000), Chen et al. (2001, 2004,) and
Chen and Lim (2005) obtained the complete solution to a penny-
shaped crack subjected to symmetric point force loading, uniform
symmetric normal loading, uniform anti-symmetric normal load-
ing, and uniform anti-symmetric shear loading in a transversely
isotropic piezoelectric medium, respectively.Although the potential theory method developed by Fabrikant
(1989, 1991) is powerful, the thermoelasticity is not involved in
Fabrikant’s analysis. Chen et al. (2004) discussed the three-dimen-
sional crack problem in thermoelastic body and Chen et al. (2004)
dealt with the same problem in magneto-electro-thermo-elastic
body.
But one thing should be pointed out is that the thermal bound-
ary conditions over the crack in Chen et al. (2004,) are symmetric
temperature loads. From the solution process of Chen et al.
(2004,), one can identify the fact that this kind of boundary condi-
tions brings mathematical convenience in solving the governing
integro-differential and integral equations so that the results
developed for transversely isotropic elasticity by Fabrikant (1989,
1991) will be directly applied. What if the thermal boundary con-
ditions turn out to symmetric heat ﬂux applied over the crack sur-
faces? Things for this case seem troublesome (see the solution
process of Eq. (3.17)). Nevertheless, we still write the solution to
Eq. (3.17) in the form of line integrals.
In this article, by employing the general solution for METE
materials obtained by Chen et al. (2004) and the potential theory
method developed by Fabrikant (1989, 1991), a penny-shaped
crack embedded in an inﬁnite METE medium and subjected to uni-
form symmetric heat ﬂux is analyzed. The exact solution in the full
space is represent by line integrals and the solution in the crack
plane is represented by elementary functions or Hypergeometric
Functions. The obtained results show a great agreement with those
Fig. 3.1. The ﬂat crack and applied loadings.
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solutions in the full space and in the crack plane are all applicable
for linear transversely isotropic thermopiezoelectric, thermomag-
netoelastic,thermoelastic materials (see Appendix E). An illustra-
tive numerical example is also presented.
2. General solution of transversely isotropic METE body
represented by potential functions
The constitutive relations of a transversely isotropic magneto-
electro-elastic body with thermal effect can be found in Li and
Dunn (1998) and Li (2000). In Cartesian coordinate with the plane
x–y parallel to the plane of isotropy, they are
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where u; v and w are components of the mechanical displacements
in x; y and z direction, respectively; /;w, Di;Bi and T are the
electrical potential, magnetic potential, electric displacement
components, magnetic induction components and temperature
increment respectively; cij; eij, eij; qij;dij;lij; p3 and k3 and are elastic,
dielectric, piezoelectric, magnetoelectric, magnetic, pyroelectric,
pyromagnetic constants respectively; bi is the thermal modules.
The steady temperature ﬁeld satisﬁes the following heat conduction
equation:
k11Dþ k33 @
2
@z2
 !
T ¼ 0 ð2:2Þ
where kii are coefﬁcients of heat conduction; D ¼ @2@x2 þ @
2
@y2 is the
two-dimensional Laplacian operator.
In the paper of Chen et al. (2004), 2 displacement functions are
introduced. Then by the application of operator theory in conjunc-
tion with the generalized Almansi’s theorem, the general solution
in terms of 6 harmonic functions is obtained. Note that in contrast
with Podil’chuk and Sokolovskii (1994), Ashida et al. (1994) and
Ding et al. (2000), the solution is represented by harmonic
functions, which make the potential theory methods can be
conveniently utilized. In what follows, we only list the associated
results. The details of the derivation and the associated constant
coefﬁcients in the solution should be referred to Chen et al. (2004).u ¼ @W0
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where w1 ¼ w; w2 ¼ /; w3 ¼ w.
Substituting Eq. (2.3) into Eq. (2.1) with the introduction of the
following complex quantities
U ¼ uþ iv K :¼ @
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þ i @
@y
r2 ¼ rx  ry þ 2isxy
sz1 ¼ sxz þ isyz sz2 ¼ Dx þ iDy sz3¼Bx þ iBy
ð2:4Þ
and denotation of rz1 ¼ rz; rz2 ¼ Dz rz3 ¼ Bz rz4 ¼ r1 ¼ rx þry,
we have:
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where Wi are harmonic functions deﬁned as:
Dþ @
2
@z2i
 !
WiðziÞ ¼ 0 ði ¼ 1;2 . . .5Þ zi ¼ siz ð2:7Þ3. Formulation of the mixed boundary value problem
Consider an inﬁnite METE body containing a ﬂat crack. The
crack, depicted as Fig. 3.1, is located in the plane z ¼ 0 which is
parallelled with the isotropic plane. The cylindrical coordinate
system and the Cartesian coordinate are alternatively adopted with
their common origin at the center of the crack. It is assumed that
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displacement DðN0Þ magnetic induction JðN0Þ and heat ﬂux qðN0Þ
are symmetrically applied over the upper and lower crack faces.
Using the symmetric conditions, the problem can be transformed
to a mixed boundary-value problem of a half space. In what follows
we shall develop the governing equations for this mixed boundary
value problem.
3.1. The mixed boundary conditions
Normal:
Inside the circular region S:
rzk ¼ PkðN0Þ ðk ¼ 1;2;3Þ qz ¼ qðN0Þ in S ð3:1Þ
where P1ðN0Þ ¼ PðN0Þ; P2ðN0Þ ¼ DðN0Þ; P2ðx; yÞ ¼ JðN0Þ
Outside the circular region S:
wk ¼ 0 ðk ¼ 1;2;3Þ qz ¼ 0 in C=S ð3:2Þ
Tangential:
sz1 ¼ 0 in the whole C ð3:3Þ3.2. Governing integral
Analogous to the method ﬁrst employed by Chen et al. (2004) in
solving the mixed boundary value problem, in order to satisfy the
boundary conditions, we postulate the proper mathematical forms
of the 6 harmonic functions Wi. In the end of this section, we will
ﬁnd that the forms of Wi are identically the same as the form
obtained by Chen et al. (2004).
1. In order to satisfy the tangential boundary conditions Eq. (3.3),
i.e. zero stress in the tangential direction, we assume thatW0 ¼ 0 WiðziÞ ¼
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The ﬁrst equation in Eq. (3.5) indicates that HjðMÞ (j = 1,2,3) are the
well-known simple layer potential. One can easily verify that
HjðMÞ(j = 1,2,3,4) satisfy the following identities:@HjðMÞ
@z
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Substituting Eq. (3.4) into the third equation of Eqs. (2.6) and (3.3),
we haveX4
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¼ 0 ð3:7ÞFor the sake of zero tangential shear stress on the plane C, we haveX5
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fi1hij ¼ 0 ðj ¼ 1;2;3;4Þ ð3:8Þ2. Then, to satisfy the normal boundary conditions outside the
circular region in C n S, we substitute Eq. (3.4) into the third
equation of Eq. (2.3), the second equation of Eqs. (2.6) and
(3.2) which yields:wkðx; y;0Þ ¼
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From the fourth equation of Eq. (2.3), one can readily identify that
a14 ¼ a24 ¼ a34 ¼ a44 ¼ 0. Consequently,h51 ¼ h52 ¼ h53 ¼ 0 h54 ¼ 12pk33a54s5 ð3:13ÞThus, we haveW5ðz5Þ ¼ H4ðz5Þ2pk33a54s5 ð3:14ÞIt should be point out here, for any ﬁxed j, combining Eqs. (3.8),
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Note that Eq. (3.15) is very convenient for numerical computation of
the coefﬁcients.
3. At last, substituting Eqs. (3.4) and (3.14) into the ﬁrst two
equations of Eq. (2.6) and into Eq. (3.1) to satisfy the boundary
conditions inside the circular region, we arrive at D
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ðN0Þ ¼ qðN0Þ ð3:16ÞSubstituting of Eqs. (3.5) and (3.6) into Eq. (3.16), we obtain the
governing the integral of this mixed boundary value problem as
follows:X3
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able since in Eq. (3.11) we have already set #4ðN0Þ equals to qðN0Þ
across the whole C.
Denoter2 ¼QðN0Þ :¼
ZZ
S
qzðNÞ
RðN0;NÞdSðNÞ ð3:18ÞSubstituting Eq. (3.18) and the second equation of Eq. (3.17) into
the ﬁrst equation of Eq. (3.17) and then extracting the terms with
respect to wjðj ¼ 1:2;3Þ, we haveD
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ð3:19Þwhere detðgkjÞ is the determinant of the square matrix gkj and AðgkjÞ
is the algebraic cofactor corresponding to gkj in the square matrix
gkj.
4. PuttingLjðN0Þ ¼
P3
k¼1PkðN0Þnkj
n
lj ¼
P3
k¼1gk4nkj
n
ð3:20Þthe governing integral Eq. (3.19) can be rewritten as
D
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In the absence of magnetic, electric, mechanical loads, i.e. only heat
ﬂux are applied, Eq. (3.21) transforms into
D
ZZ
s
wjðNÞ
RðN0;NÞdSðNÞ ¼ ljQðN0Þ ðj ¼ 1;2;3Þ ð3:22Þ4. A penny-shaped crack subjected to uniform symmetric heat
ﬂux
If the crack is penny-shaped, the ﬁrst glance at the present gov-
erning equation Eq. (3.17) or Eq. (3.19), it seems impossible to ob-
tain an explicit solution when all loads including heat ﬂux applied
on the crack surface are uniform. This is mainly because the inte-
gration of the term
R
S
q
RðN0 ;NÞdSðNÞ in Eq. (3.19) turns out to be an
elliptical integral of the second kind (see Appendix C), which will
make the solution process of Eq. (3.19) much more complicated.
Nevertheless, the general normal displacement wjðq;/;0Þ, the gen-
eral normal stress rzkðr;w;0Þ in the crack plane and intensity factor
can be all expressed in elementary function in this case.
4.1. The line-integral solution in the full space
When the crack is under uniform magnetic, electric and
mechanical loads, the exact closed form solution in the full space
can obtained from the results Chen et al. (2004). Consequently,
hereafter we only concern the case that the penny-shaped is sub-
jected to uniform heat ﬂux. The overall solution can readily be ob-
tained by superposition of the results obtained by Chen et al.
(2004) and the results obtained by this article.2q0c66e
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>:The evaluation of QðN0Þ, namely, the computation of Eq. (3.18)
refers to Appendix C. Substitution of Eq. (C.1) into Eq. (3.18) with
reference to Appendix C, one can easily obtain
QðN0Þ ¼ 4q0I0ðq0Þ ð4:1Þ
The general solution to the governing integral Eq. (3.22) can be
represented as follows (Fabrikant, 1989)
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By substitution of Eq. (4.2) into the second equation of Eq.
(3.22) and with the notice of the integral identity Eq. (D.1) in
Appendix D, we have
Hjðr;w; ziÞ ¼ 
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With reference to Appendix D, we also have
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Substituting the line integral representations of the potential
functions Hjðr;w; ziÞ and their derivatives (see Appendix D) into
Eqs. (2.3), (2.5) and (2.6), we will obtain the solution in full space
to the problem of a penny-shaped crack subjected to uniform
symmetrical heat ﬂux over the crack surfaces
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l1iðxÞ ¼ 12
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
ðr þ xÞ2 þ z2i
q

ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
ðr  xÞ2 þ z2i
q 	
l1i ¼ l1iðaÞ
l2iðxÞ ¼ 12
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
ðr þ xÞ2 þ z2i
q
þ
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
ðr  xÞ2 þ z2i
q 	
l2i ¼ l2iðaÞ
ð4:11Þ
Hence, Eqs. (4.5)–(4.10) give the exact full-space solution to the
crack subjected to uniform heat ﬂux in a transversely isotropic
magneto-electro-thermo-elastic body. Since the solution is repre-
sented by line integrals, the numerical computation of the solution
can be easily implemented.
4.2. Identities with respect to the coefﬁcients
With the property of the determinant detðgkjÞ in mind,namely
X3
j¼1
gkjnmj ¼ dkmn ð4:12Þ
and with Eqs. (3.17) and (3.20) in hand, we have
X3
j¼1
X5
i¼1
cikhijlj ¼
1
n
X3
j¼1
gkj
X3
m¼1
gm4nmj
 !" #
¼
X3
m¼1
gm4dkm ¼ gk4
X5
i¼1
cikhi4 ¼ gk4
ð4:13Þ
According to Eq. (3.12) and Eq. (3.13), we have
X3
j¼1
X5
i¼1
aikhij
 !
lj ¼
X3
j¼1
 dkj
2p
lj
 
¼  lk
2p
X5
i¼1
aikhi4 ¼  dk42p ¼ 0ðk ¼ 1;2;3Þ
ð4:14Þ4.3. Solution in the crack plane
The integral in Eq. (4.2) is also evaluated in Appendix C. Substi-
tuting of Eq. (4.1) into Eq. (4.2) with the notice of correspondent
integral representation Eq. (C.10) and the notice of Eq. (C.17), we
obtain
wjðq;/Þ ¼ 
4q0I1ðqÞlj
p2
¼  q0a
2lj
4
1 q
2
a2
þ 2 ln 1þ
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1 q
2
a2
r !" #
ðj ¼ 1;2;3;q 6 aÞ ð4:15ÞUðr;w;0Þ ¼
pq0a2eiw
ﬃﬃﬃﬃﬃﬃﬃﬃﬃ
r2a2
p
r
X3
j¼1
X5
i¼1
hij þ F  12 ; 12 ;2; a
2
r2
  X5
i¼1
hi4 
X3
j¼1
X5
i¼
 (
pq0areiwF  12 ; 12 ;2; r
2
a2
  X5
i¼1
hi4 
X3
j¼1
X5
i¼1
hij
 !
8>>><
>>>:With reference to 4.2 and Appendix D.3, the reader can verify
that wjðq;/Þ ¼ 0 for qP a automatically.
In order to the obtain the stress in the crack plane, we ﬁrst sub-
stitute Eq. (4.3) and Eq. (4.4) into the ﬁrst equation of Eq. (4.4)
rzk ¼
X5
i¼1
cik 
4q0
p2
X3
j¼1
hijlj
@2F1
@z2i
þ q0hi4
@2F2ðr;w; ziÞ
@2zi
 !
ð4:16Þ
When z! 0; @2F1
@z2
i
ðr;w;0Þ and @2F2
@z2
i
ðr;w; 0Þ are independent of i.
Thus, we do not distinguish them and denote them by @
2F2
@z2 ðr;w;0Þ
and @
2F2
@z2 ðr;w;0Þ respectively.
rzkðr;w;0Þ ¼ 4q0p2
@2F1
@z2
ðr;w;0Þ
X3
j¼1
X5
i¼1
cikhijlj
 !
þ q0
@2F2
@z2
ðr;w;0Þ
X5
i¼1
cikhi4
 !
ð4:17Þ
For k ¼ 1;2;3, substitution of Eq. (4.13) into Eq. (4.16) yields
rzk ¼ q0gk4 
4
p2
@2F1
@z2
ðr;w;0Þ þ @
2F2
@z2
ðr;w;0Þ
" #
ðk ¼ 1;2;3Þ
ð4:18Þ
Substitution of Eq. (D.29) Eq. (D.30) in Eq. (4.18) gives:
rzkðr;w;0Þ ¼
q0gk4pa2ﬃﬃﬃﬃﬃﬃﬃﬃﬃ
r2a2
p r > a
0 r < a
ðk ¼ 1;2;3Þ
(
ð4:19Þ
On deﬁning the following intensity factors:
kr ¼ lim
r!aþ
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
2ðr  aÞ
p
rz1ðr;w;0Þ
kD ¼ lim
r!aþ
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
2ðr  aÞ
p
rz2ðr;w;0Þ
kB ¼ lim
r!aþ
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
2ðr  aÞ
p
rz3ðr;w;0Þ ð4:20Þ
we have
kr ¼ q0g14pa
ﬃﬃﬃ
a
p
kD ¼ q0g24pa
ﬃﬃﬃ
a
p
kB ¼ q0g34pa
ﬃﬃﬃ
a
p ð4:21Þ
For k ¼ 4, likewise we obtain
rz4ðr;w;0Þ¼
X3
j¼1
X5
i¼1
ci4hijlj
 !
q0pa2ﬃﬃﬃﬃﬃﬃﬃﬃﬃ
r2a2
p þq0
X5
i¼1
cikhi4
X3
j¼1
X5
i¼1
cikhijlj
 !
F 12 ;
1
2 ;2;
a2
r2
 
r> a
2paq0
X5
i¼1
cikhi4
X3
j¼1
X5
i¼1
cikhijlj
 !
F 12 ;12 ;1; r
2
a2
 
r< a
8>>><
>>>:
ð4:22Þ
Similar with the derivations of rzkðr;w;0Þ, we have1
hij
!)
r > a
r < a
ð4:23Þ
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q0a
2
2rk33s5
F 12 ;
1
2 ;2;
a2
r2
 
r > a
q0a
k33s5
F  12 ; 12 ;1; r
2
a2
 
r < a
8><
>: ð4:24Þr2ðr;w;0Þ ¼
2c66q0
pa2e2iw r22a2ð Þ
r2
ﬃﬃﬃﬃﬃﬃﬃﬃﬃ
r2a2
p
X3
j¼1
X5
i¼1
hij þ
X5
i¼1
hi4 
X3
j¼1
X5
i¼1
hij
 !
pa2e2iw
r 2F  12 ; 12 ;2; a
2
r2
 
 F 12 ; 12 ;2; a
2
r2
 h i( )
r > a
2c66pq0ae2iw
X5
i¼1
hi4 
X3
j¼1
X5
i¼1
hij
 !
F  12 ; 12 ;2; r
2
a2
 
 F  12 ; 12 ;1; r
2
a2
 h i
r < a
8>>><
>>>:
ð4:25Þ
szkðr;w;0Þ ¼
q0pa2eiw
r
X5
i¼1
fikhi4 r > a
q0pa2eiw
X3
j¼1
X5
i¼1
fikhij raþ
ﬃﬃﬃﬃﬃﬃﬃﬃﬃ
a2r2
pð Þ ﬃﬃﬃﬃﬃﬃﬃﬃﬃa2r2p þ ra2
 	
þ q0preiw
X5
i¼1
fikhi4 r < a
8>>><
>>>:
ðk ¼ 1;2;3Þ ð4:26Þ
Table 1
Material properties of the piezoelectric ceramic PZT-B.
Elastic constantsð1010 Nm2Þ c11 c33 c44 c12 c13
16.8 16.3 2.71 6.0 6.0
Piezoelectric constantsðCm2Þ e31 e33 e15
0.9 7.1 4.6
Dielectric constantsð1010 Fm2Þ e11 e33
36 34
Pyroelectric constantsð106 Cm2 K1Þ p3
25
Thermal modulið105 NK1m2Þ b1 b3
4.738 4.529
Heat conduction coefﬁcientsðWK1m1Þ k11 k33
1.2 1.5Particularly, from Eq. (3.8), we have sz1 ¼ 0 which is compatible
with the zero shear boundary condition Eq. (3.3).
From Eq. (4.22) and Eq. (4.25), we ﬁnd that both rz4 and r2 are
of the singularity 1ﬃﬃﬃﬃﬃﬃrap . Since rx ¼ 12 rz4 þR r2ð Þ½ ;ry ¼ 12 rz4þ½
R r2ð Þ; sxy ¼ I r2ð Þ, rx;ry and sxy are all of the singularity 1ﬃﬃﬃﬃﬃﬃrap
along the crack rim.
From Eq. (4.26), we also ﬁnd that sz2 and sz3 are also of the
singularity 1ﬃﬃﬃﬃﬃﬃrap along the crack rim.
4.4. Veriﬁcation of the obtained solution
For the same crack problem in an inﬁnite transversely isotropic
elastic medium, similar with Eqs. (4.15), (4.19), and (4.21), we have
w1 ¼  q0a
2l1
4
1 q
2
a2
þ 2 ln 1þ
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1 q
2
a2
r !" #
ðq 6 aÞ ð4:27Þ
rz1 ¼ q0g12pa
2ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
r2  a2
p ð4:28Þ
kr ¼ q0g12pa
ﬃﬃﬃ
a
p ð4:29Þ
where the coefﬁcients related with to material constantsl1;g12 are
deﬁned as Eq. (E.19) instead of Eq. (3.17) and Eq. (3.20); w1;rz1 are
deﬁned as Eq. (E.26); kr is still deﬁned as Eq. (4.20).
Tsai (1983) investigated a similar crack problem in transversely
isotropic elastic media, for which our results are also applicable
(see Appendix E.3). It is obvious that the mathematical structures
of Eqs. (4.27)–(4.29) are the same as those of Eqs. (44) and (55),
KI related with Eq. (55) in Tsai (1983), respectively. What we need
to do next is to verify the coefﬁcients in Eqs. (4.27)–(4.29).
Before we proceed to compare the coefﬁcients in Eqs. (4.27)–
(4.29) with Tsai (1983), we need to clarify several misprints in
his paper.
Regarding to Tsai (1983), the notation k in Eq. (5) of should be
k ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
k2=k1
p
instead of k ¼ k2=k1. If the reader substitutes Eq. (41)
into Eq. (43), he will readily ﬁnd Eq. (44) should be
w ¼ kMQ0a2= 4Kð Þ 1 r2=a2 þ 2 ln 1þ
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1 r2=a2
q  	There are also misprints for Eq. (55) and KI which should read
rzz ¼ kMQ0a2=
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
r2  a2
p
;KI ¼ kMQ0a2
ﬃﬃﬃﬃﬃﬃ
pa
p
=2, respectively.
In order to verify the coefﬁcients, we assume the following
material constants c11 ¼ 20; c12 ¼ 8; c13 ¼ 7; c33 ¼ 31; c44 ¼ 3, c66 ¼6; b1 ¼ 0:7; b3 ¼ 0:31; k11 ¼ 1; k33 ¼ 1:21, q0 ¼ 1without consider-
ing dimensions. Note that the applied heat ﬂux, q0 in our notations
should be negative. In another word, Q0 in Tsai’s notations should
be positive. Otherwise, the crack surface would expand and hence
the crack would close.
Values of the coefﬁcients in our notations corresponding to
above set of material constants are as follows
g1j ¼ 1:35132 0:00998239ð Þ l1 ¼ 0:00738712.
While the values of the coefﬁcients in Tsai’s notations
k ¼ 1:1;K ¼ 8:49062, M ¼ 0:0689933.
Comparing Eq. (39) in Tsai’s paper and the third equation in Eq.
(2.6) in this paper, the reader should note that our notation q0 is
k33 times of Tsai’s notation Q0. The stress intensify factor kr in
our notations is
ﬃﬃﬃ
2
p
times of KI in Tsai’s notations.
Taking misprints in Tsai (1983) and the above correspondence
between Tsai’s notations and ours’ into consideration, the values
of the coefﬁcients in Eqs. (4.27)–(4.29) are identically the same
as Tsai (1983).5. Numerical example
In order to show how the applied heat ﬂux affect the ﬁeld, an
illustrative numerical example of the piezoelectric ceramic PZT-B
is given. The material constants of piezoelectric ceramic PZT-B
can be found in Zikung and Bailin (1995) and Chen and Lim
Fig. 5.1. Distribution of Ur .
Fig. 5.2. Distribution of w1.
Fig. 5.3. Distribution of w2.
Fig. 5.4. Distribution of rz1.
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conduction coefﬁcients are taken from Tzou and Ye (1994). All of
the material constants are listed as Table 1.
In Appendix E, we point out that solution in thermopiezoelec-
tric media can be easily obtained from that in the magneto-electro-thermo-elastic media. Hence, based on the solution Eqs.
(E.8)–(E.13), numerical computation can be easily implemented.
The coefﬁcients deﬁned as Eqs. (E.1)–(E.7) which are related with
the material constants are presented as follows without listing
their units:
Fig. 5.5. Distribution of rz2.
Fig. 5.6. Distribution of srz2 .
Fig. 5.7. Distribution of T.
Fig. 5.8. Distribution of srz2.
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The intensity factors for the stress and electric displacement are
kr ¼ q0g13pa
ﬃﬃﬃ
a
p
and kD ¼ q0g23pa
ﬃﬃﬃ
a
p
respectively. Note that the
applied heat ﬂux q0 should be negative. Otherwise the crack sur-
face will expand, which in turn will make the crack closed. Since
q0 < 0;g13 < 0;g23 > 0, it can be easily seen that for the case of a
penny-shaped crack subjected to symmetric heat ﬂux at surface
the intensity factor for electric displacement kD could be negative
which indicates a negative electric displacements over the crack
surface.
We take the radius of the penny-shaped crack a ¼ 0:05 m, the
applied uniform symmetric heat ﬂux q0 ¼ 15 Wm2. The distri-
butions of Ur;wkrzk; T,szk(k ¼ 1;2) deﬁned as Eqs. (5.1) and (E.14)
are depicted as Figs. 5.1, 5.2, 5.3, 5.4, 5.5, 5.6, 5.7, 5.8. To avoid
numerical singularity, from time to time, we intentionally set z
or r as a small number that approximates 0.
Ur ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
u2 þ v2
p
srzk ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
s2zx þ s2zy
q
ð5:1Þ
From Figs. 5.1 and 5.8, one can identify that U and szk are non-
singular at r ¼ 0 although their expressions Eq. (4.5), (4.10) seem
singular at r ¼ 0. This is also compatible with the remark in Appen-
dix D.2.
6. Conclusion
1. This paper can be treated as a logical continuation of Chen et al.
(2004,). The mathematical difﬁculty, which is also pointed in
Conclusion of Chen et al. (2004), in solving the governing
integrals due to the boundary conditions of symmetric heat ﬂux
is resolved. We employ the general solution obtained by Chenet al. (2004) and the potential theory method proposed by Fab-
rikant (1989, 1991) to solve the steady-state problem of a
penny-shaped crack subjected to symmetric uniform heat ﬂux
in an inﬁnite transversely isotropic METE medium. The solution
is in terms of combinations between elementary functions and
their line integrals, which shows a great agreement with that
obtained by Tsai (1983) for a transversely isotropic medium.
2. It becomes clear that the uniform symmetric heat ﬂux, although
it is the simplest kind of thermal loadings, when it is applied to
the penny-shaped crack, full-space solution could not be repre-
sented by elementary functions. This is because even in the
crack plane z ¼ 0 the several physical quantities in the solution
are still in terms of special functions (see 4.3). This fact also
indicates the challenge of Green’s function corresponding to
the case of application of symmetric point heat ﬂux to a
penny-shaped crack. The derivations to ﬁnd the Green’s func-
tion of a penny-shaped crack under symmetric point heat ﬂux
need to be investigated further more.
3. The stress intensity factor kr is always positive otherwise the
crack will is close. However, since the electric ﬁeld and mag-
netic ﬁeld are mathematically equivalent, it can be easily seen
from the numerical example in 5 that for the case of a penny-
shaped crack subjected to symmetric heat ﬂux at surface the
intensity factors for electric displacement kD or for magnetic
induction kB could possibly be negative which indicates a neg-
ative electric displacements or magnetic induction over the
crack surface.
4. For materials with thermal effects, rz;Dz;Bz will encounter sin-
gularity of 1ﬃﬃﬃﬃﬃﬃrap along the crack rim (Chen and Shioya, 1999,
2004,). But in this paper, for a penny-shaped crack subjected
to symmetric uniform heat ﬂux over its upper and lower sur-
faces, except that sz1 is constantly 0 in the crack plane, stress
or equivalent quantities including rx;ry; sxy sz2 (corresponding
to the tangential electric displacement) or sz3 (corresponding to
the magnetic induction) are also encounter singularity of 1ﬃﬃﬃﬃﬃﬃrap
along the crack rim.
5. As a bonus, the investigation to the crack problem also gener-
ates several integral identities and line-integral representation
of potential functions (see Appendixes C and D) that seems
not to be reported in previous literature, which, the author
think, is of some interest to mathematical physicist.
6. It is should be emphasized that we present solution to the
steady-state problem of a penny-shaped crack subjected to
symmetric uniform heat ﬂux in a united form for all kinds of
linear materials, including mageto-electro-thermo-elastic, ther-
mopiezoelectric, magneto-thermo-elastic, and thermoelastic
materials. (see Appendix E).
7. The exact solution presented in this paper is only applicable for
distinct eigen roots s1 – s2 – s3 – s4 – s5 – s1. For cases of mul-
tiple eigen roots, the reader could used generalized Almansi’s
theorems (see Appendix of Ding et al. (1997); Appendix of Chen
and Shioya (1999)) to represent the general solution. The deri-
vations of the exact solution for cases of multiple eigen roots
are indeed similar with the derivations in this paper.
8. For the isotropic caseðs1 ¼ s2 ¼ s3 ¼ s4 ¼ s5 ! 1Þ, the mathe-
matical structure of the solution could be completely different
from that of a transversely isotropic case (see Section 4.5 of Fab-
rikant (1989)). But in order to obtain the isotropic solution, Fab-
rikant applied the well-known L’hospital Rule to transversely
isotropic solution, (see 5.1 of Fabrikant (1991) and Appendix
of Fabrikant (2006)). However, in order to incorporate the solu-
tion for all kinds of linear materials (see Appendix E), our nota-
tions system (aij; cij; fij;hij) is too cumbersome for us to utilize
L’hospital Rule directly. Nevertheless, a proper combination
between L’hospital Rule and generalized Almansi’s theorems
J. Yang et al. / International Journal of Solids and Structures 51 (2014) 1792–1808 1801(see Appendix of Ding et al. (1997); Appendix of Chen and Shi-
oya (1999)) could be applied to obtain the isotropic solution
from the transversely isotropic solution that’s in term of our
cumbersome notation system. The detailed derivations will be
reported in our subsequent paper.
9. The solution to the problem of a penny-shaped crack subjected
to uniform symmetric mechanical, electric or magnetic loadings
has been investigated by Chen et al. (2004). The solution
presented in this paper could be superposed into the previous
results to help the reader to investigate a penny-shaped
crack subjected to uniform symmetric mechanical, electric
or magnetic loadings combined with uniform symmetric heat
ﬂux.
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Appendix A. Integral representation of 1R
The following two useful integral representation for the recipro-
cal of the distance between two points is introduced (Fabrikant,
1989, 1991):
1
RðN;N0Þ ¼
2
p
Z minðq;q0Þ
0
kð x2qq0 ;/ /0Þﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
ðq2  x2Þðq20  x2Þ
q dx
1
RðM;NÞ ¼
2
p
Z q
0
kðl21ðxÞrq ;w /Þﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
r2  l21ðxÞ
q ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
q2  x2
p dl1ðxÞ ðA:1Þ
Hereafter, the coordinates of N0;N andM are ðq0;/0;0Þ, ðq;/;0Þ
and ðr;w; zÞ respectively and
1
RðN0;NÞ ¼
1ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
q2 þ q20  2qq0 cosð/ /0Þ
q
1
RðM;NÞ ¼
1ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
r2 þ q2  2rq cosðw /Þ þ z2
p ðA:2Þ
kðk;/ /0Þ :¼
1 k2
1 2k cosð/ /0Þ þ k2
ðA:3Þ
l1ðqÞ ¼ 12
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
ðr þ qÞ2 þ z2
q

ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
ðr  qÞ2 þ z2
q 	
l2ðqÞ ¼ 12
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
ðr þ qÞ2 þ z2
q
þ
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
ðr  qÞ2 þ z2
q 	
ðA:4Þ
gðxÞ ¼ x
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1þ z
2
q2  x2
s
ðA:5Þ
and the abbreviations l1 ¼ l1ðaÞ; l2 ¼ l2ðaÞ will be used throughout
this paper.
In order not to cause any confusion, it should be clariﬁed that
the integration variable in the second equation of Eq. (A.1) is x in-
stead of l1ðxÞ.
Note that the following property can easily veriﬁed
lim
z!0
l1ðqÞ ¼minðq; rÞ lim
z!0
l2ðqÞ ¼ maxðq; rÞ ðA:6ÞAppendix B. Integrals and derivatives
The following formulas in this section seem lengthy and cum-
bersome. But they are all correct. Eqs. (B.1)–(B.4), Eqs. (B.6)–(B.8)
and Eqs. (B.11)–(B.18) which appeared ﬁrst time in Fabrikant
(1989, 1991) was veriﬁed numerically by Fabrikant. The new for-
mulas Eqs. (B.5) and (B.22)–(B.28) proposed by this article has also
been veriﬁed numerically as well by the ﬁrst author in
Mathematica.
B.1. Integrals
Let us recall the following integrals listed in Appendix A4.2 of
Fabrikant (1989):Z
arcsin
x
l2ðxÞdz ¼ z arcsin
x
l2ðxÞ 
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
x2  l21ðxÞ
q
þ x ln l2ðxÞ þ
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
l22ðxÞ  r2
q 	
ðB:1Þ
Z
z arcsin
x
l2ðxÞdz ¼
1
4
2x2 þ 2z2 þ r2  arcsin x
l2ðxÞ
þ 2x
2 þ l21ðxÞ
4x
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
l22ðxÞ  x2
q
ðB:2Þ
Z ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
x2  l21ðxÞ
q
dz ¼ 2x
2  l21ðxÞ
2x
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
l22ðxÞ  x2
q
þ r
2
2
arcsin
x
l2ðxÞ ðB:3Þ
Z ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃx2  l21ðxÞ
q
l22ðxÞ  l21ðxÞ
dz ¼  arcsin x
l2ðxÞ
 
ðB:4Þ
All the integrals in Eqs. (B.1)–(B.3) can be easily computed out
by integration by parts with respect to z and consequent substitu-
tion of z ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
x2  l21ðxÞ
q ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
r2  l21ðxÞ
q
=l1ðxÞ or z ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
l22ðxÞ  x2
q
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
l22ðxÞ  r2
q
=l2ðxÞ (Fabrikant, 1989). Using the same integral tech-
niques, we hereby state a new integral as follows:Z
ln l2ðxÞ þ
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
l22ðxÞ  r2
q 	
dz ¼ z ln l2ðxÞ þ
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
l22ðxÞ  r2
q 	

ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
l22ðxÞ  x2
q
 x arcsin x
l2ðxÞ ðB:5ÞB.2. Reciprocal relations of the derivatives
@
@x
arcsin
x
l2ðxÞ
 	
¼ @
@z
ln l2ðxÞ þ
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
l22ðxÞ  r2
q 	
 
¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
l22ðxÞ  x2
q
l22ðxÞ  l21ðxÞ
ðB:6Þ
@
@x
ln l2ðxÞ þ
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
l22ðxÞ  r2
q 	
 
¼ @
@z
arcsin
x
l2ðxÞ
 	
¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
x2  l21ðxÞ
q
l22ðxÞ  l21ðxÞ
dx
ðB:7Þ
@2
@z2
arcsin
x
l2ðxÞ
 	
¼  @
2
@z@x
ln l2ðxÞ þ
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
l22ðxÞ  r2
q 	
 
¼  @
@x
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
l22ðxÞ  x2
q
l22ðxÞ  l21ðxÞ
8<
:
9=
; ðB:8Þ
K ln l2ðxÞ þ
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
l22ðxÞ  r2
q
 
¼ eiw 1
r
 1
r
@
@z
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
l22ðxÞ  x2
q  	
ðB:9Þ
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ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
x2  l21ðxÞ
q
¼ eiwr @
@z
arcsin
x
l2ðxÞ
 	
ðB:10ÞB.3. Derivatives
Let us recall the results in Appendix 5 of Fabrikant (1991)
@
@z
arcsin
x
l2ðxÞ
 	
¼ 
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
x2  l21ðxÞ
q
l22ðxÞ  l21ðxÞ
dx ðB:11Þ
@2
@z2
arcsin
x
l2ðxÞ
 	
¼
z x2 2x2 þ 2z2  r2  l41ðxÞh iﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
x2  l21ðxÞ
q
l22ðxÞ  l21ðxÞ
h i3 ðB:12Þ
K arcsin
x
l2ðxÞ
 	
¼ eiw
l1ðxÞ
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
l22ðxÞ  x2
q
l2ðxÞ l22ðxÞ  l21ðxÞ
h i ðB:13Þ
K
@
@z
arcsin
x
l2ðxÞ
 	
¼ eiw
r
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
x2  l21ðxÞ
q
l22ðxÞ  l21ðxÞ
h i3 3l22ðxÞ þ l21ðxÞ  4x2h i
ðB:14Þ
K
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
x2  l21ðxÞ
q
¼ eiw
r
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
x2  l21ðxÞ
q
l22ðxÞ  l21ðxÞ
ðB:15Þ
K
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
l22ðxÞ  x2
q
¼ eiw
r
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
l22ðxÞ  x2
q
l22ðxÞ  l21ðxÞ
ðB:16Þ
K ln l2ðxÞ þ
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
l22ðxÞ  r2
q 	
¼ e
iw
r
1
l2ðxÞ
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
l22ðxÞ  r2
q
l22ðxÞ  l21ðxÞ
2
4
3
5 ðB:17Þ
K2 arcsin
x
l2ðxÞ
 	
¼ e2iw
x
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
l22ðxÞ  x2
q
l22ðxÞ l22ðxÞ  l21ðxÞ
h i3 3r2l22ðxÞ þ r2l21ðxÞh
 6x2r2 þ 2l41ðxÞ
i
ðB:18Þ
All the derivatives in Eqs. (B.11)–(B.17) can be easily computed
out with the assistance of the following identities developed by
Fabrikant (1989):
l21ðxÞ þ l22ðxÞ ¼ r2 þ x2 þ z2 l1ðxÞl2ðxÞ ¼ rx ðB:19Þ
zl1ðxÞ ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
x2  l21ðxÞ
q ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
r2  l21ðxÞ
q
zl2ðxÞ ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
l22ðxÞ  x2
q ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
l22ðxÞ  r2
q
zx ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
x2  l21ðxÞ
q ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
l22ðxÞ  x2
q
zr ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
r2  l21ðxÞ
q ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
l22ðxÞ  r2
q
ðB:20Þ
@l1ðxÞ
@z
¼  zl1ðxÞ
l22ðxÞ  l21ðxÞ
@l2ðxÞ
@z
¼ zl2ðxÞ
l22ðxÞ  l21ðxÞ
@l1ðxÞ
@x
¼
x r2  l21ðxÞ
h i
l1ðxÞ l22ðxÞ  l21ðxÞ
h i @l2ðxÞ
@x
¼
x l22ðxÞ  r2
h i
l2ðxÞ l22ðxÞ  l21ðxÞ
h i
@l1ðxÞ
@r
¼
r x2  l21ðxÞ
h i
l1ðxÞ l22ðxÞ  l21ðxÞ
h i @l2ðxÞ
@r
¼
r l22ðxÞ  x2
h i
l2ðxÞ l22ðxÞ  l21ðxÞ
h i
ðB:21Þ
We hereby attach some derivatives with respect to Eqs. (B.2)–
(B.5)using Eq. (B.6), we have@
@x
Z
arcsin
x
l2ðxÞdz
 	
¼
Z
@
@z
ln l2ðxÞ þ
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
l22ðxÞ  r2
q 	
 
dz
¼ ln l2ðxÞ þ
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
l22ðxÞ  r2
q 	
ðB:22Þ
Using Eq. (B.9), we have
K
Z
ln l2ðxÞ þ
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
l22ðxÞ  r2
q 	
dz

 
¼ eiw
Z
1
r
 1
r
@
@z
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
l22ðxÞ  x2
q  	
dz
¼ eiw z
r

ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
l22ðxÞ  x2
q
r
2
4
3
5 ðB:23Þ
Using Eq. (B.10), we have
K
Z ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
x2  l21ðxÞ
q
dz

 
¼ eiw r arcsin x
l2ðxÞ

 
ðB:24Þ
The following formulas can be obtained directly with the assis-
tance of Eqs. (B.19)–(B.21).
K2
Z
ln l2ðxÞ þ
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
l22ðxÞ  r2
q 	
dz

 
¼ e2iw
2
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
l22ðxÞ  x2
q
r2
 2z
r2

ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
l22ðxÞ  x2
q
l22ðxÞ  l21ðxÞ
8<
:
9=
; ðB:25Þ
K2
Z ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
x2  l21ðxÞ
q
dz

 
¼ e2iw
rl1ðxÞ
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
l22ðxÞ  x2
q
l2ðxÞ l22ðxÞ  l21ðxÞ
h i ðB:26Þ
K
Z
z arcsin
x
l2ðxÞdz

 
¼ eiw r
2
arcsin
x
l2ðxÞ þ
l1ðxÞ
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
l22ðxÞ  x2
q
2l2ðxÞ
8<
:
9=
;
ðB:27Þ
K2
Z
zarcsin
x
l2ðxÞdz

 
¼ e2iw x x
2þz2 r2 
2l22ðxÞ l22ðxÞ l21ðxÞ
h i ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃl22ðxÞx2
q

l1ðxÞ
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
l22ðxÞx2
q
2rl2ðxÞ
0
@
1
A ðB:28Þ
Note that for an axisymetric quantity f, we have
Kf ¼ @f
@x
þ i @f
@y
¼ @f
@r
eiw K2f ¼ @
@x
Kfð Þ þ i @
@y
Kfð Þ
¼ e2iw @
2f
@r2
 1
r
@f
@r
 !
ðB:29Þ
here the overbar is used to distinguish the coordinate x from the
integral variable x.
Appendix C. Several integral identities
C.1. The ﬁrst formula
ZZ
S
1
RðN0;NÞ dSðNÞðN0 2 SÞ ¼ 4
Z q0
0
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
a2  x2
q20  x2
s
dx ðC:1Þ
where S denotes the circular area, q 6 a, in the plane z ¼ 0, the
polar coordinates of N and N0 are ðq;/Þ and ðq0;/0Þ respectively.
Proof. We denote
I0ðq0Þ :¼
ZZ
S
1
RðN0;NÞ dSðNÞ ðC:2Þ
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Eq. (C.1) gives:Z Z
S
1
RðN0;NÞdSðNÞ¼4
Z a
0
Z minðq;q0Þ
0
qﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
ðq2x2Þðq20x2Þ
q dxdqL x2
qq0
 
1
ðC:3Þ
where The L operator ﬁrst used by Fabrikant (1989) is deﬁned as
LðkÞf ð/0Þ ¼
1
2p
Z 2p
0
kðk;/ /0Þf ð/0Þd/0 ðC:4Þ
Evidently, it should be notice that when f ð/Þ ¼ 1, the following
identity holds:
LðkÞ1 ¼ 1
2p
Z 2p
0
kðk;/ /0Þd/0 ¼ 1 ðC:5Þ
Note that Eq. (C.5) holds and then change the integration order
with respect to xand q in Eq. (C.3) with the following rule:
Z a
0
dq
Z minðq;q0Þ
0
dx ¼
Z q0
0
dq
Z q
0
dxþ
Z a
q0
dq
Z q0
0
dx
¼
Z q0
0
dx
Z q0
x
dqþ
Z q0
0
dx
Z a
q0
dq ðC:6Þ
Eq. (C.3) can be rewritten as:
ZZ
S
1
RðN0;NÞdSðNÞ ¼ 4
Z q0
0
dxﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
q20  x2
q Z q0
x
qdqﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
q2  x2
p
0
B@
þ
Z q0
0
dxﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
q20  x2
q Z a
q0
qdqﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
q2  x2
p
1
CA ðC:7Þ
Note that Eq. (C.1) can also be represented as the Jacobi
complete elliptic integral of the second kind. Puttting x ¼ q0 sin h
in Eq. (C.1), I0ðq0Þ can be immediately rewritten as
I0ðq0Þ ¼
ZZ
S
1
RðN0;NÞdSðNÞðN0 2 SÞ ¼ 4aEð
q0
a
Þ ðC:8Þ
where EðkÞ denotes the Jacobi complete elliptic integral of the
second kind written as follows:
EðkÞ ¼
Z p
2
0
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1 k2 sin2 h
q
dh Eðk;/Þ ¼
Z /
0
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1 k2 sin2 h
q
dh ðC:9Þ
hC.2. The second formula
Z a
q
dxﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
x2  q2
p Z x
0
q0dq0ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
x2  q20
q I0ðq0Þ ¼ p4
Z a
q
HðxÞdxﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
x2  q2
p ðC:10Þ
where other notations have the same meaning with those in Eq.
(C.1) and HðxÞ is deﬁned as Eq. (C.1)
Proof. We denote
I1ðqÞ :¼
Z a
q
dxﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
x2  q2
p Z x
0
q0dq0ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
x2  q20
q I0ðq0Þ ðC:11Þ
Substituting Eq. (C.1) into Eq(C.10) and Eq. (C.11) and changing
the order of integration with respect to q and t, we arrive atI1ðqÞ ¼
Z a
q
dxﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
x2  q2
p Z x
0
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
a2  t2
p
dt
Z x
t
q0dq0ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
x2  q20
 
q20  t2
 q
ðC:12Þ
using the fact
Z
q0dq0ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
x2  q20
q ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
q20  t2
q ¼ arctan
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
q20  t2
q
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
x2  q20
q ðC:13Þ
we have
I1ðqÞ ¼ p2
Z a
q
dxﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
x2  q2
p Z x
0
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
a2  t2
p
dt ðC:14Þ
Eq. (C.14) can be simpliﬁed as follows
I1ðqÞ ¼ p4
Z a
q
HðxÞdxﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
x2  q2
p ðC:15Þ
where HðxÞ is deﬁned as Eq. (C.16)
HðxÞ ¼ 2
Z x
0
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
a2  t2
p
dt ¼ x
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
a2  x2
p
þ a2 arcsin x
a
ðC:16Þ
h
C.3. The third formula
I1ðqÞ can also be expressed in the explicit close-form of
elementary functions as
I1ðqÞ ¼ p
2a2
16
1 q
2
a2
þ 2 ln 1þ
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1 q
2
a2
r !" #
ðC:17ÞProof. With notice of Eq. (C.16), Eq. (C.15) can be transformed into
the addition of two parts
I1ðqÞ ¼ p4
Z a
q
x
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
a2  x2
p
dxﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
x2  q2
p þ a2I2ðaÞ
 !
ðC:18Þ
where
I2ðtÞ ¼
Z t
q
arcsin xt
 
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
x2  q2
p dx ðC:19Þ
It is easy to evaluate the ﬁrst part of the right hand side of Eq.
(C.18), namely,Z a
q
x
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
a2  x2
p
dxﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
x2  q2
p ¼
(
1
2
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
a2  x2
p ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
x2  q2
p
 1
4
a2  q2  arctan
1
2
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
a2  x2
x2  q2
s

ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
x2  q2
a2  x2
r !" #)
x¼a
x¼q
¼ p
4
a2  q2 
ðC:20Þ
The second part of Eq. (C.18) looks formidable, however, by spe-
cial integral techniques, it can be also computed out in the form of
elementary function. we ﬁrst integrate by parts with respect to theﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
x2  q2
p
in the right side of Eq. (C.19),
I2ðtÞ ¼ p2
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
t2  q2
q
t
þ
Z t
q
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
x2  q2
p
x2
arcsin
x
t
 
dx
Z t
q
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
x2  q2
p
x
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
t2  x2
p dx
ðC:21Þ
From Eq. (C.21), one can identify that when t ! q; x ! t, the
term
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
x2q2
p ﬃﬃﬃﬃﬃﬃﬃﬃﬃ
t2x2
p ! 1. Consequently, the right side of Eq. (C.21) vanishes
when t ! q, i.e. I2ðqÞ ¼ 0
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(C.19), we have
dI2ðtÞ
dt
¼ p
2
1ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
t2  q2
q  1
t
Z t
q
xdxﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
ðx2  q2Þðt2  x2Þ
q ðC:22Þ
Substitution of Eq. (C.13) in Eq. (C.22), gives:
dI2ðtÞ
dt
¼ p
2
1ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
t2  q2
q  1
t
0
B@
1
CA ðC:23Þ
Integration with respect to t from q to a in both sides of Eq.
(C.23), yields
I2ðaÞ ¼ p2 ln 1þ
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1 q
2
a2
r !
ðC:24Þ
Substituting Eq. (C.20) and Eq. (C.24) into Eq. (C.18), we obtain
the ﬁnal results that we want. hC.4. The fourth formula
Z a
q
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
a2  x2
p
ln xþ
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
x2  q2
p 
dx
¼ pa
2
8
2 ln aþ q
2
a2
 1
 
 1
2
q
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
a2  q2
q
þ a2 arcsinq
a
 
lnq ðC:25ÞProof. Substitution of Eq. (C.17) into Eq. (C.15) yieldsZ a
q
HðxÞdxﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
x2  q2
p ¼ pa2
4
1 q
2
a2
þ 2 ln 1þ
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1 q
2
a2
r !" #
ðC:26Þ
Integration by parts with the fact
R
dxﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
x2q2
p ¼ ln xþ
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
x2  q2
p 
,
we have
HðxÞ ln xþ
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
x2  q2
p h i
jx¼ax¼q  2
Z a
q
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
a2  x2
p
 ln xþ
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
x2  q2
p 
dx
¼ pa
2
4
1 q
2
a2
þ 2 ln 1þ
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1 q
2
a2
r !" #
ðC:27Þ
Hence, after several trivial manipulations on Eq. (C.27), we
readily obtain Eq. (C.25) hAppendix D. Potential functions and their derivatives
D.1. Line-integral form of potential functions
ZZ
S
I1ðqÞ
RðM;NÞdSðNÞ ¼
p2
2
Z a
0
HðxÞ arcsin x
l2ðxÞ dx ðD:1ÞProof. We denote
F1ðr;w; zÞ ¼
ZZ
S
I1ðqÞ
RðM;NÞdSðNÞ
Substituting Eq(A.1) into Eq. (D.1) and then changing the order
of integration with respect to y and q, we have
F1ðr;w; zÞ ¼ 4
Z a
0
dl1ðyÞﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
r2  l21ðyÞ
q Z a
y
qdqﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
q2  y2
p L l21ðyÞ
rq
 !
I1ðqÞ ðD:2ÞSubstitution of Eq. (C.15) Eq. (C.5) into Eq. (D.2) yields
F1ðr;w; zÞ ¼ p
Z a
0
dl1ðyÞﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
r2  l21ðyÞ
q Z a
y
qdqﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
q2  y2
p Z a
q
HðxÞdxﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
x2  q2
p ðD:3Þ
where HðxÞ is deﬁned as Eq. (C.16)
Interchange of the order of integration with respect to qand x,
Eq. (D.3) transforms into
F1ðr;w; zÞ ¼ p
Z a
0
dl1ðyÞﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
r2  l21ðyÞ
q Z a
y
HðxÞdx
Z x
y
qdqﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
x2  q2
p ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
q2  y2
p
ðD:4Þ
With notice of Eq. (C.13), we arrive at
F1ðr;w; zÞ ¼ p
2
2
Z a
0
dl1ðyÞﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
r2  l21ðyÞ
q Z a
y
HðxÞdx ðD:5Þ
Interchange of the order of integration with respect to y and x,
yields
F1ðr;w; zÞ ¼ p
2
2
Z a
0
HðxÞ arcsin l1ðxÞ
r
dx  ðD:6Þ
@2F2ðr;w; zÞ
@z2
¼
ZZ
s
1
RðM;NÞ dSðNÞ ðD:7Þ
The following fact can be readily veriﬁed through 1R substitution
and a consequent interchange of integration order.
@2F2ðr;w; zÞ
@z2
¼
ZZ
S
1
RðM;NÞ ¼ 4
Z a
0
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
a2  x2
p
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
r2  l21ðxÞ
q @l1ðxÞ
@x
dx ðD:8Þ
Substituting the second equation of Eq. (B.21) into Eq. (D.8), we
have
@2F2ðr;w; zÞ
@z2
¼ 4
Z a
0
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
a2  x2
p ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
l22ðxÞ  x2
q
l22ðxÞ  l21ðxÞ
dx ðD:9Þ
Eq. (D.8) can be also written in the following alternative form
through integration by parts:
@2F2ðr;w; zÞ
@z2
¼ 4
Z a
0
arcsin
x
l2ðxÞ
xﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
a2  x2
p dx ðD:10Þ
From Eq. (D.7), we can readily obtain
@F2ðr;w; zÞ
@z
¼
ZZ
s
Z
dz
RðM;NÞ
 
dSðNÞ
¼
ZZ
s
ln RðM;NÞ þ z½ dSðNÞ ðD:11Þ
F2ðr;w; zÞ ¼
ZZ
s
Z
ln RðM;NÞ þ z½ dz

 
dSðNÞ
¼
ZZ
S
z ln RðM;NÞ þ z½   RðM;NÞf gdSðNÞ ðD:12Þ
According to B.1, we have the following results
@F2ðr;w; zÞ
@z
¼ 4
Z a
0
xﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
a2  x2
p
Z
arcsin
x
l2ðxÞdz
 	
dx
¼ 4
Z a
0
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
a2  x2
p @
@x
Z
arcsin
x
l2ðxÞdz
 	
dx
¼ 4
Z a
0
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
a2  x2
p
ln l2ðxÞ þ
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
l22ðxÞ  r2
q 	
 
dx ðD:13Þ
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Z a
0
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
a2  x2
p
z ln l2ðxÞ þ
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
l22ðxÞ  r2
q 	

 l22ðxÞ  x2  x arcsin
x
l2ðxÞ
r 
ðD:14ÞD.2. Derivatives of potentials
According to Appendix B.2, we can obtain the derivatives of
F1ðr;w; zÞ and F2ðr;w; zÞ as follows:
@F1ðr;w; zÞ
@z
¼ p
2
2
Z a
0
HðxÞ @
@z
arcsin
x
l2ðxÞ
 	
dx
¼ p
2
2
Z a
0
HðxÞ @
@x
ln l2ðxÞ þ
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
l22ðxÞ  r2
q 	
 
dx ðD:15Þ
Integrating by parts in Eq. (D.15), we have
@F1ðr;w; zÞ
@z
¼ p
3a2
4
ln l2 þ
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
l22  r2
q 	
þ p2
Z a
0
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
a2  x2
p
ln l2ðxÞ þ
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
l22ðxÞ  r2
q 	
dx ðD:16Þ
Based on Eq. (D.16), using Eq. (B.5) and Eq. (B.23) respectively,
we obtain
F1ðr;w; zÞ ¼ p
3a2
4
z ln l2 þ
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
l22  r2
q 	

ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
l22  a2
q
 a arcsin a
l2

 
þ p2
Z a
0
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
a2  x2
p
z ln l2ðxÞ þ
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
l22ðxÞ  r2
q 	

 l22ðxÞ  x2  x arcsin
x
l2ðxÞ
r 
dx ðD:17Þ
KF1ðr;w; zÞ ¼
p3a2eiw
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
l22  a2
q
4r
 p
2eiw
r
Z a
0
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
a2  x2
p ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
l22ðxÞ  x2
q
dx
ðD:18Þ
Eqs. (D.19)–(D.24) can be obtained directly from formulas in
Appendix B.3
@2F1ðr;w; zÞ
@z2
¼ p
3a2
4
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
l22  a2
q
l22  l21
þ p2
Z a
0
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
a2  x2
p ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
l22ðxÞ  x2
q
l22ðxÞ  l21ðxÞ
dx
ðD:19Þ
K2F1ðr;w;zÞ¼
p3a2e2iw 2l222l21 r2
  ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
l22a2
q
4r2 l22 l21
 
þp
2e2iw
r2
Z a
0
2l22ðxÞ2l21ðxÞ r2
h i ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
a2x2
p ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
l22ðxÞx2
q
l22ðxÞ l21ðxÞ
dx
ðD:20Þ
K
@F1ðr;w;zÞ
@z
¼
p3a2eiwl2
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
l22 r2
q
4r l22 l21
  p2eiw
r
Z a
0
l2ðxÞ
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
a2x2
p ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
l22ðxÞ r2
q
l22ðxÞ l21ðxÞ
dx
ðD:21Þ
KF2ðr;w; zÞ ¼ pa
2zeiw
r
 4e
iw
r
Z a
0
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
a2  x2
p ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
l22ðxÞ  x2
q
dx ðD:22Þ
K
@F2ðr;w; zÞ
@z
¼ pa
2eiw
r
 4e
iw
r
Z a
0
l2ðxÞ
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
a2  x2
p ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
l22ðxÞ  r2
q
l22ðxÞ  l21ðxÞ
dx
ðD:23ÞK2F2ðr;w;zÞ¼4e
2iw
r2
Z a
0
2l22ðxÞ2l21ðxÞ r2
h i ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
a2x2
p ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
l22ðxÞx2
q
l22ðxÞ l21ðxÞ
dx2pa
2eiwz
r2
ðD:24Þ
Remark: The reader might doubt the singularities of
KFi;K
@Fi
@z ;K
2Fi at r ¼ 0. In fact the singularities could be eliminated
by performing L’hospital Rule in Eqs. (D.20)–(D.24).
D.3. Value of potential in the plane z ¼ 0
It seems impossible to compute the derivatives of the potential
fucntions, namely Eqs. (D.9), (D.13), (D.16), Eqs. (D.18)–(D.24) out
in elementary functions. But their value in plane z ¼ 0 can be eval-
uated in elementary functions. Therefore, the solution in the crack
plane z ¼ 0 could be written in terms of elementary functions.
Note that when z ! 0, integrals in Eqs. (D.9), (D.13), (D.16), Eqs.
(D.18)–(D.24) are non-singular in the region r > a. However, when
r < a and z ! 0, we should take care about the singularity at x ¼ r
for integrals in Eqs. (D.9), (D.19)–(D.21), (D.23) and (D.24). Hence,
we need to calculate the Cauchy Principle Value of these singular
integrals with the formula
R a
0 ¼ lime!0
R re
0 þ
R a
rþe
 
.
Using the properties Eq. (A.6), we readily arrive at
@F1
@z
¼
0 r > a; z ¼ 0ð Þ
 p3a28 1 r
2
a2 þ 2 ln 1þ
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1 r2a2
q h i
r < a; z ¼ 0ð Þ
8<
:
ðD:25Þ
@F2
@z
¼
pa2 ln r r > a; z ¼ 0ð Þ
pa2
2 2 ln a 1þ r
2
a2
 
r < a; z ¼ 0ð Þ
8<
: ðD:26Þ
KF1 ¼
p3a2eiw
4
ﬃﬃﬃﬃﬃﬃﬃﬃﬃ
r2a2
p
r  F  12 ; 12 ;2; a
2
r2
 h i
r > a; z ¼ 0ð Þ
 p3areiw4 F  12 ; 12 ;2; r
2
a2
 
r < a; z ¼ 0ð Þ
8><
>: ðD:27Þ
KF2 ¼
pa2eiwF  12 ; 12 ;2; a
2
r2
 
r > a; z ¼ 0ð Þ
pareiwF  12 ; 12 ;2; r
2
a2
 
r < a; z ¼ 0ð Þ
8><
>: ðD:28Þ
@2F1
@z2
¼
 p3a2
4
ﬃﬃﬃﬃﬃﬃﬃﬃﬃ
r2a2
p þ p3a24r F 12 ; 12 ;2; a
2
r2
 
r > a; z ¼ 0ð Þ
p3a
2 F  12 ; 12 ;1; r
2
a2
 
r < a; z ¼ 0ð Þ
8><
>: ðD:29Þ
@2F2
@z2
¼
pa2
r F
1
2 ;
1
2 ;2;
a2
r2
 
r > a; z ¼ 0ð Þ
2paF  12 ; 12 ;1; r
2
a2
 
r < a; z ¼ 0ð Þ
8><
>: ðD:30Þ
K
@F1
@z
¼
0 r > a; z ¼ 0ð Þ
p3a2eiw
4
r
aþ
ﬃﬃﬃﬃﬃﬃﬃﬃﬃ
a2r2
pð Þ ﬃﬃﬃﬃﬃﬃﬃﬃﬃa2r2p þ ra2
 	
r < a; z ¼ 0ð Þ
8><
>:
K
@F2
@z
¼
pa2eiw
r r > a; z ¼ 0ð Þ
preiw r < a; z ¼ 0ð Þ
8<
: ðD:31Þ
K2F1 ¼
p
3a2e2iw r22a2ð Þ
4r2
ﬃﬃﬃﬃﬃﬃﬃﬃﬃ
r2a2
p þp3a2e2iw4r 2F 12 ;12 ;2;a
2
r2
 
F 12 ;12 ;2;a
2
r2
 h i
r> a;z¼0ð Þ
p3ae2iw
2 2F 12 ;12 ;2; r
2
a2
 
F 12 ;12 ;1; r
2
a2
 h i
r< a;z¼0ð Þ
8>><
>>:
ðD:32Þ
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pa2e2iw
r 2F  12 ; 12 ;2; a
2
r2
 
 F 12 ; 12 ;2; a
2
r2
 h i
r > a; z ¼ 0ð Þ
2pae2iw F  12 ; 12 ;2; r
2
a2
 
 F  12 ; 12 ;1; r
2
a2
 h i
r < a; z ¼ 0ð Þ
8><
>:
ðD:33Þ
where the Hypergeometric Function Fða;b; c; xÞ ¼ 1Bðb;cbÞ
R 1
0 t
b1
1 tð Þcb1 1 txð Þadt(see 9.111 of Gradshteyn and Ryzhik (2007))
Eq. (C.25) and the following formulas are used for the deriva-
tions of Eqs. (D.25)–(D.33). The details are trivial and hence are
omitted here.Z a
0
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
a2  x2
p ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
r2  x2
p
dx ¼ pa
2r
4
F 1
2
;
1
2
;2;
a2
r2
 
ðr > aÞ ðD:34Þ
Z r
0
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
a2  x2
p ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
r2  x2
p
dx ¼ par
2
4
F 1
2
;
1
2
;2;
r2
a2
 
ðr < aÞ ðD:35Þ
Z a
0
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
a2  x2
p
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
r2  x2
p dx ¼ pa
2
4r
F
1
2
;
1
2
;2;
a2
r2
 
ðr > aÞ ðD:36Þ
Z r
0
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
a2  x2
p
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
r2  x2
p dx ¼ pa
2
F 1
2
;
1
2
;1;
r2
a2
 
ðr < aÞ ðD:37Þ
Z a
r
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
a2  x2
p
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
x2  r2
p xdx ¼ p
4
a2  r2 ðr < aÞ ðD:38ÞAppendix E. The degenerated cases for transversely
thermopiezoelectric, thermopiezomagnetic, and thermoelastic
materials
The formulas of evaluation of the eigenvalues si and the related
material coefﬁcients such as aik; fik; cik for transversely isotropic
magneto-electro-thermo-elastic materials can be found in Chen
et al. (2004). But for thermopiezoelectric, thermopiezomagnetic,
and thermoelastic materials as degenerated cases, particular atten-
tion should be paid to the fact that we can not specify the material
constants corresponding to the absent ﬁeld (see Appendix A of
Chen et al. (2010)). For example, we can not directly set the mate-
rial constants qij ¼ dij ¼ lij ¼ 0 for the transversely thermopiezo-
electric materials.
E.1. The solution for thermopiezoelectric materials
According to Appendix A in Chen et al. (2010), by setting
qij ¼ dij ¼ l33 ¼ 0 and l11 ¼ 0 and using the formulas listed in
Chen et al. (2004), we will obtain the eigenvalues si and the related
material coefﬁcients aik; fik; cik. Note that compared with METE
materials, characteristic equation with respect to si is reduced
while the formulas for the evaluation of aj; bj; fj; gjðj ¼ 1;2;3;4Þ re-
mains unchanged.
jij ¼ ajs6i  bjs4i þ fjs2i  gjði ¼ 1;2;3;4; j ¼ 1;2;3Þ
j44 ¼ n0s84  n1s64 þ n2s44  n3s24 þ n4 ðE:1Þ
ai1 ¼ ji2si=ji1; ai2 ¼ ji3si=ji1 ði ¼ 1;2;3;4Þ
a13 ¼ a23 ¼ a33 ¼ 0; a43 ¼ j44=j41
ðE:2Þ
ci1 ¼ c13 þ c33siai1 þ e33siai2  b3ai3 ci2 ¼ e31 þ e33siai1
 e33siai2 þ p3ai3
ci3 ¼ 2 ðc11  c66Þ þ c13siai1 þ e31siai2  b1ai3½  m1 ¼ c44
m2 ¼ e15 ði ¼ 1;2;3;4Þ
fi1 ¼ c44si þ c44ai1 þ e15ai2 fi2 ¼ e15si þ e15ai1  e11ai2
ðE:3ÞIt is commonly known that there are only 4 eigenvalues
siði ¼ 1;2;3;4Þ for thermopiezoelectric materials. Hence, according
to Eqs. (2.3) and (2.6), the corresponding general solution will con-
sists of 4 harmonic functions Wiði ¼ 1;2;3;4Þ.
Then similar derivation with Section 3, for the crack problem
depicted as Fig. 3.1, we have
W0 ¼ 0 WiðziÞ ¼
X3
j¼1
hijHjðziÞ ði ¼ 1;2;3;4Þ ðE:4Þ
where
HjðMÞ ¼
ZZ
s
wjðNÞ
RðM;NÞ dSðNÞ ðj ¼ 1;2Þ
H3ðMÞ ¼
ZZ
s
qzðNÞ z ln RðM;NÞ þ z½   RðM;NÞf gdSðNÞ
ðE:5Þ
hij can be determined by
2p
f11 f21 f31 f41
a11 a21 a31 a41
a12 a22 a32 a42
0 0 0 k33a43s4
2
6666664
3
7777775
h1j
h2j
h3j
h4j
8>>><
>>>>:
9>>>=
>>>>;
¼
0
d1j
d2j
d3j
8>>><
>>>>:
9>>>=
>>>>;
ðj ¼ 1;2;3Þ
ðE:6Þ
gkj ¼
X4
i¼1
cikhijðk ¼ 1;2; j ¼ 1;2;3Þ
n ¼ detðgkjÞ ðk; j ¼ 1;2Þ nkj ¼ AðgkjÞ
lj ¼
X2
k¼1
gk3nkj
n
ðE:7Þ
where detðgkjÞ is the determinant of the square matrix gkjand AðgkjÞ
is the algebraic cofactor corresponding to gkj in the square matrix
gkj.
Thus, similar with the derivation in Section 4, the solution to
the problem, a penny-shaped crack under uniform heat ﬂux load-
ing, is written as:
U ¼ q0eiw 
pa2
r
X4
i¼1
X2
j¼1
hijlj
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
l22i  a2
q
 4
r
X4
i¼1
hi3 
X2
j¼1
hijlj
 !(

Z a
0
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
a2  x2
p ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
l22iðxÞ  x2
q
dxþ pa
2P4
i¼1hi3zi
r
)
ðE:8Þ
wk ¼ q0
X4
i¼1
X2
j¼1
aikhijljpa
2 ln l2i þ
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
l22i  r2
q 	(
þ 4
X4
i¼1
aikhi3 
X2
j¼1
aikhijlj
 !Z a
0
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
a2  x2
p
 ln l2iðxÞ þ
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
l22iðxÞ  r2
q 	
dx

ðk ¼ 1;2Þ ðE:9Þ
T ¼ 2q0
pk33s4
Z a
0
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
a2  x2
p ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
l224ðxÞ  x2
q
l224ðxÞ  l214ðxÞ
dx ðE:10Þ
rzk ¼ q0 pa2
X4
i¼1
X2
j¼1
cikhijlj
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
l22i  a2
q
l22i  l21i
þ 4
X4
i¼1
cikhi3 
X2
j¼1
cikhijlj
 !"8<
:
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Z a
0
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
a2  x2
p ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
l22iðxÞ  x2
q
l22iðxÞ  l21iðxÞ
dx
3
5
9=
; ðE:11Þ
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pa2
r2
X4
i¼1
X2
j¼1
hijlj
2l22i2l21ir2
  ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
l22ia2
q
l22i l21i
8><
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þ 4
r2
X4
i¼1
hi3
X2
j¼1
hijlj
 !Z a
0
2l22iðxÞ2l21iðxÞr2
  ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
a2x2
p ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
l22iðxÞx2
q
l22iðxÞ l21iðxÞ
dx
2
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75
2pa
2P4
i¼1hi3zi
r2
)
ðE:12Þ
szk ¼ q0eiw 
pa2
r
X4
i¼1
X2
j¼1
fikhijlj
l2i
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l22i  r2
q
l22i  l21i
ðk¼ 1;2Þ
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4
r
X4
i¼1
fikhi3 
X2
j¼1
fikhijlj
 !Z a
0
l2iðxÞ
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
a2  x2
p ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
l22iðxÞ  r2
q
l22iðxÞ  l21iðxÞ
h i dx
2
4
3
5
þpa
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r
X4
i¼1
fikhi3
)
ðE:13Þ
where
U ¼ uþ iv K :¼ @
@x
þ i @
@y
r2 ¼ rx  ry þ 2isxy
w1 ¼ w w2 ¼ /
rz1 ¼ rz rz2 ¼ Dz rz3 ¼ r1 ¼ rx þ ry
sz1 ¼ sxz þ isyz sz2 ¼ Dx þ iDy
ðE:14ÞE.2. The solution for thermopiezomagnetic materials
In order to remove the decoupled electric ﬁeld from the eigen
equation, we can set eij ¼ dij ¼ e33 ¼ 0 and e11 ¼ 1. In fact the re-
duced formulaes are identically the same as those for thermopi-
ezoelectric materials if one replaces eij and eij by lij and qij,
respectively. So we don’t list the formulas here repeatedly.
E.3. The solution for thermoelastic materials
Similar with Appendix E.1, we have
jij ¼ ajs6i  bjs4i þ fjs2i  gjði ¼ 1;2;3; j ¼ 1;2Þ
j33 ¼ n0s83  n1s63 þ n2s43  n3s23 þ n4 ðE:15Þ
ai1 ¼ ji2si=ji1ði ¼ 1;2;3Þ
a12 ¼ a22 ¼ 0; a32 ¼ j33=j31
ðE:16Þ
ci1 ¼ c13þ c33siai1b3ai2 ci2 ¼2 ðc11c66Þþ c13siai1b1ai2½ 
fi1 ¼c44siþ c44ai1 m1 ¼ c44
ði¼1;2;3Þ
ðE:17Þ
hij can be determined by
2p
f11 f21 f31
a11 a21 a31
0 0 k33a32s3
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9>=
>; ¼
0
d1j
d2j
8><
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9>=
>; ðj ¼ 1;2Þ ðE:18Þ
g1j ¼
X3
i¼1
ci1hijðj ¼ 1;2Þ
l1 ¼
g12
g11
ðE:19Þ
The solution to the problem, a penny-shaped crack under
uniform mechanical, electric, magnetic, and heat ﬂux loading, is
written as:U ¼ q0eiw 
pa2
r
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where
U ¼ uþ iv K :¼ @
@x
þ i @
@y
r2 ¼ rx  ry þ 2isxy
w1 ¼ w sz1 ¼ sxz þ isyz
rz1 ¼ rz rz2 ¼ r1 ¼ rx þ ry
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